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Advanced Higher Applied Mathematics 2012

Mechanics Solutions

normal reactionN

I 1y friction, F

weight,mg

Resolving: horizontally vertically
2R=ma XK =0
mv2

F = TS N = mg 1 for both equations
F = uN
mvz
= umg = —- !
V2
“Ca
(80 x 10° + 3600)° 1

9:8 x 150



A2.

A3.

Let the angle of projection eand the initial speed bé.

, , . . V sinf
Vertically. usingv = u + at, the maximum height occurs wheg: 0 sot = g

Usings = ut + 3at? the maximum height is
V siné V sing\®  VZsing

g ) - 29

Also usings = ut + iat? and puttings = 0, the time of flight i

V sing

1
+ 5(_9)(
2V sin®d
S—.

Horizontally. the speed i¥ cosf so the range is

2V sin® 2V? sin® coso
x V cosf = .
g g
Finally:
VZsinfo 1 y 2V? sin@ coso
2g 10 g
2
tang = —.
5

Thus the angle of projectiontian Z
=~ 21.8°.

Note Some candidates may use the fornsuta (“¥)t.

First calculate the distance he cover8ig t < 4
ds  t(13 - 2
dt 2

14 5
= s = §j0(13t—2t)dt

4
s - E[E’tz _ Zts} _ }[104 _ @}
2L 2 3 D 2 3

% metres
3

During the next 6 seconds, he covers 60 metres
making a total 005 metres.

In the final phase, his initial speedli®@ m s, his acceleration is0-4 m s2 and
he cover®i metres.
So, usings = ut + iat?, we have

28 2

p— 10t — t_

3 5

— 3t? - 150t + 140 = O

ot 150 + \/225(20 —34 x 3 x 140 - 0951 49049
X

Taking the smaller of these gives his total timd as$ + 0-95 = 10.95 seconds.




A4.

(@)

(b)

W=g
Resolving vertically:
YF =0
Tagsin30° —g =0
Tre = sin‘ciaoO =2
Resolving horizontally:
YF =0

I
o

Tac — Tag €OS30°
Tac = Tag c0S30°
V3
2 —_
93

V39 = 1697 N

AX
n
Tacl
R
9:8V3 x 0-10
40
= 0:0424
AC =1 + x
= 010 + 0:0424
= 01424
The distanc@C is 0-142 m (or 14-2 cm).



AS.

100m

Take the mass of the train to lekg.

Solution 1
Resolving perpendicular to the slope:= Mg coso

Resolving parallel to the slope:
s = 1000,u = 4,v = 10 so to find the acceleration:

Vv = U + 2as = 100 = 16 + 2000a
0-042

= a

By Newton's second law

P-F - Mgsind = Ma
120000 - 0-2 x Mg cosf — Mg sing = 0-042M
120000 — (0199 + 0-1)Mg = 0-042M
(0-042 + 2:930)M = 120000
M = 40400 kg

Solution 2
Using the work-energy principle.

Initial energy= 3M x 4% = 8M.
Final energy= Mg x 100 + M x 10°> = 1030M

Normal reactionR = Mg cosf
Net forward force= P — uR = 120 000 — 0-2 x Mgcosp = 120 000 — 1-95M

Work done = force x distanee (120000 — 1-95M) x 1000

Change in energy= Work done

1030M - 8M = 1000(120 000 — 1-95M)
1022M + 1950M = 12000 000
2972M = 12000 000
M = 12 000 000
2972

U

40 400 kg

1M

M

1M



AG.

(a)

(b)

(b)

- -~

-~ -

2o GM

Let the radius of the Earth tBekm.

Then, at the surfacg,:\?/lz—m =mg = GM = gR.

¢ - K

(R+ h)

9-8 x (6380 x 10°°
(6380 + 390) x 10°
5892 x 10’

= Vv = 7676 ms*

27 (6380 + 390) x 10°
4.254 x 10" metres

C =27(R+ h)

C 4254 x 107
\

- 5542 x 10° seconds
7676

t =

Time for 1 orbit= 5542 x 10° seconds.

So the number of orbits is 24 x 60 x 60 = 156
5542 x 103

Alternative
2n

(0]
7676 2
D0 _ _p00113 T =
Y= 6770 x 10°) 0-00113

So the number of orbits is 156

M



A7. Let the initial height béy, and the final height (after the rebound)hpe

Using conservation of energy:

mgh; = smu? = u? = 2gh 1
mghy = 3mv = V2 = 2y
h =L - Lcosds = L(1- %)
1
hk = L — L cos30° = L( —@)
u? = ZgL(l - %) L
= gL(2 - V2)
i.e.u = JoL(2 - v2).
v = 2gL(1 -

| 1

i.e.v = gL(2 - V3).

& g

29L
=gL(2 -

~—

By the conservation of linear momentum,

or rr;u]u : r_rww:Ml\\/l/V} M
oL(2 - v2) = -m/oL(2 - V3) + MV 1
MV = mygly/2 — V2 + mygly2 - V3
- myaL (V2 - V2 + 2 - v3)
= my/gL (0-7654 + 0-5176)
V = 1-283\/@ 1

k = 1.28



A8. (a) re = (2 + 3)i + 4

Vp = 2ti + 4

ap = 2 1
Vo = 2ti + C

t=0v=-4i+]=>c=)-4d

Vo = (2t — )i + | 1

ro = (- 4)i +t +d
t=01r19=28 = d = 8§

ro = (t® = 4)i + (t + 8)] 1
(b) rp—rg= (P +3-t"+4)i+ (4 -t - 8)j
= (4t + 3)i + (3t - 8)j 1
PQ* = (4t + 3)° + (3t — 8 1
%(PQZ) - 8(4t + 3) + 6(3t - 8) 1
= 50t — 24

24
= t = — 1

0= =

i.e. the particles are closest to each other 8f#&seconds.

(c) The particles are moving at right angles to each other when
VpVg = 0 1M
VpVo = (2ti + 4).(2t — Hi +j)
= 4% -8t + 4 1
= 4(t - 1)
Perpendicular motion after 1 second. 1

(b) Alternative

At the closest poinfrp — rg). (Ve — Vo) = O. 1M
e —ro = (P +3—t°+ 4t)i + (4 — t — 8)]
= (4t + 3)i + (3t - 8)j 1
Ve — Vg = (2t + 4) - ((2t - B)i +j)
=4 + 3 1

(re = ro).(ve = vg) = 0
44 +3) +3(X -8 =0 = 25 = 12
0-48 1

=t



AQ. r —] |

h

F - R= maandR, = Rv

Hence %—R=ma

dv
- RV = mv—
Fh dt
dv
1500 — (100 + 5v)v = 100va
dv
300—20v—v2=20va
:>d_v_300—20v—v2
dt 20v
20v ol_v_1
300 — 20v — V2 dt
\V
Zc)fvuzov—soodvzIOIt
20 -3 1
4 (v+30+10—v)dv_-"dt
5[-3Inlv+30 -Inj10 - V]] =t +¢

Whent = O,v =0 = c = -15In30 - 5In10
t = 15IN30 + 5In10 — 15In|v + 30| — 5In|10 - V|

=15In‘ 30 ’+5In‘ 10 ‘
v + 30 10 - v
30 10
Whenv = 8,t = 15In— + 5In—
38 2
= -355 + 8.05
=4-5

Maximum speed occurs Whejétr/ =0

ie. 300-20v-V =0
B0 +wv@A0-v) =0
i.,e.v = 10

1M

[EEN



A10. (&)

Component of weight perpendicular to the stringngssin 6.
Assuming clockwise is positive

: d’0
-mgsing = mL—
m dt?
: d?0
—-gsing = L—
J a2
d?e g .
— = -=sing
dt? L
For small anglessing = 6
2
a0 9,
dt? L
Characteristic equation for SHM%s= —w?x. Sincew’ = %
po 2
w
= 231\/E
g
WhenT = 2,
L L 1
2=271\F:>—=—2:>L=%z0-993(t035f)
g g x 7T
i.e. the length of the pendulum is approximately 1 metre.
(b) Let the amplitude bA& metres.
w—ﬁ—z—n—y‘[rads_1
ik

V= (R - %)
167° = #° (A2 - 9)

A = 25
A=5
The amplitude is 5 metres.
X = Asinot
3 = 5sinwt
sinat = 3

5

t = L sin?3 0r020 seconds
7T 5

END OF SECTION A

=



B1.

B2.

B3.

Section B

The general term is given by

8) y2@-n(3x) 1
;
— (?)erlﬁ—r 1,1
For x®,
16-r=183=r =3 1
The corresponding coefficient is
|
I T 1
35

{Note: some candidates may start frc{r?u) x2(3x)° " leading tor = 5.

(@)
X dy (X + 4) — x.(2x)
_ ay _ 1M, 1
y X2+ 4 dx (X2 + 4)
dy 8-8
=2 - = =0. 1
X :>dx 82
(b)
1 for (-3
jeztdt — (_})e—Zt_i_C (2)
2 1 fore2
(a) 100\({100
M =|310|[310 1M
0O04A/\l00 1
1 0 O
=6 1 O 1
0 0 22
(b) 1 0 O 1 0 O 1 0 O
M=|6 1 0|[3 1 0]=|9 1 © 1
0O 0 2J\0 0 2 0O o0 28
1 0 O 1 0 O 1 0 O
M+M+M*=|3 1 0|+(6 1 O0|+]|9 1 0O
0O 0 1 0O 0 12 0O 0 28
3 0 0
=118 3 0 1
0 0 A+ A2+ 28
(c) detM = 1 x 1 xA)+0+0=1 1

Hence the matri#! has an inverse wheln= O. 1



B4. _1 _A_ _B
X(X + 1) X x+1
= AX + 1) + Bx
x=0 = A=1
x=-1 = B =
1 1 1

<
Il
—_—
S|
<o
o
X
U
<
Il
'_"—.

3 1

g (\/x2+x
3(1 1

ﬂfl(; X+ l)dx

a[nx — Inx + 13

a{[In3 - In4] - [In1 - In2]}

7In :—; (= 1.274t0 3 s.1)

BS.  (q 3—1 — k(180 - T)
dT
-[180 — = [k
(-1
J‘180 . '|'kdx

—In(180—T) = kx + C
SinceT = 4whenx = 0

-In176 =
= In(180 - T) - In176 = —kx
n180-T
176
180 - T
e — e_kx
176
180 - T = 176e ™
i.e.T = 180 — 1766
(b) Whenx = 1, T = 30
e_k = EO
176
= k = 016
(c) Usingk = 0-16 andT = 80inT = 180 — 176e™ gives
80 = 180 — 176e '
Hence o _ 100
176
100
~0-16x = In =
LT T

= X = 3.533 hours = 212 minutes

M

M

1M

1

1

So the turkey should be cooked after 3 hours 32 minutes (or 212 minutes).

END OF MARKING INSTRUCTIONS



